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1. INTRODUCTION 

The  lunar atmospheric  tide is of great theoretical  interest 
because it shows the response of the  atmosphere  to a 
completely known external force, namely the  tidal  attrac- 
tion of the moon. This  interest  has been further increased 
in recent  years since it appears that a lunar period may  be 
present  not only in such meteorological parameters as 
pressure,  wind, and  temperature,  but also in precipitation 
(for instance, [4]), and sunshine duration [IO]. 

The  best documented  manifestation of the  lunar air  tide 
is the semidiurnal  (lunar)  surface  pressure oscillation. 
Largely  through the  efforts of S. Chapman  and numerous 
collaborators (for instance, [SI) this period is now known 
for more than 70 stations.  These  stations show that  the 
distribution of the  lunar  tide is not entirely  regular  over 
the  earth  despite  the  regularity of the moon’s tidal force. 
For  about 60 of these stations  the  variation of the  lunar 
tide  with the seasons, which is in  the  same sense in both 
hemispheres, has also been determined: In  general, the 
amplitude  maximum  occurs  during  the  northern  summer, 
and  the daily  high  tides  are  reached latest during the 
northern  winter. 

I n  order  to increase our knowledge of the global distri- 
bution of the  lunar tide,  a study  has been started  to analyze 
further  data,  and  the present  paper  reports  in part  the 
result8s of this analysis for the  f is t  six stations.  These 
stations  with  the  relevant information are shown in table 
1 .  Only the pressure oscillations will be discussed here. 

The  lunar  semidiurnal  tide  and  the solar 2 4 ,  12-, 8-, and 6-hour oscillations have been determined for the six 
stations Balboa, Panama;  San  Juan,  P.R.; Aguadilla, P. R.; Burbank, Calif. ; Oklahoma  City, Okla. ; and Greensboro, 

I 

, ’  

Results ,of, analyses of wind and  temperature  (not sue: 
cessful in the case of the  lunar  tide) will be  reported  later. 

The observational data used for the  tidal  determinations 
were made  available by  the  National  Weather Records 
Center  in Asheville, N.C.  Bi-hourly  values of the pres; 
sure were used,  with the first  hour being 0 (midnight) 
Local Standard  Time.  The whole material was sub: 
divided into  the  three “seasons” commonly used in air: 
tidal  studies,  namely 

D : November,  December, January,  February 
J :  May,  June,  July, August 
E : March, April, September,  October  (Equinoctial 

In each of these seasons the  days were further grouped 
according to  the daily lunar phase  integer L (in its modi- 
fied form which moves from 0 to 11 twice during  the 
synodic month).  For  the  years 1961 and 1962 these 
integers were computed  by means of tables given by 
Bartels  and  Fanselau [3]. For  the earlier years  punched 
cards  based on a  compilation by  Bartels [2] were made 
available by Dr. J .  C.  Cain of the  Goddard Space Flight 
Center a t  NASA. 

For  the  stations  Balboa, Oklahoma City, Greensboro, 
and  Burbank  the required bi-hourly mean  values of the 
surface pressures for the different groups were computed 
by  the  National  Weather  Records  Center.  The harmonic 
analysis of these  values  was performed on an IBM 1620 
computer at  the High  Altitude  Observatory of NCAR. 

months) 

TABLE 1.-List of stations 

Station 

Balboa,  Panama _..._._.___.___._........ 9 . 0  
San  Juan  P.R _..._.....________.._..._.. 18.5 
Aguadilli  P.R.  (Ramey  AFB) ..-....... 18.5 
Rurbank,’Calif -.-.  ..  ..  -.. .-. :. -. _._. ..~.. 34.2 

Oklahoma  City,  Okla ._..._._.___.__..... 35.4 
Greensboro, N . C  ._._________________..... 36.1 

Long. 
(It.) (OW.) 
Alt. 

” 

79. 5 

118.4 
67. 1 

60-80 66.1 
20 

220 
725 

97. 6 886 
80.0 1304 

Years of Record Number of 1 Days 

Mar. 1941-June  1958 ____.___ 
Mar. 1945-April  1962 __._._. 
Jan. 1941-June  1958 ..-..... 
Jan. 1942-April 1945 .....-.- 
Jan. 1948”Dec. 1962 
Jan. 1945-Dec. 1962 __....__. 
Nov. 1945-Dee.  1962 __...___ 

6156 
6142 
6217 
6589 

6534 
6184 
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The computing  routine included the correction for linear 
change  from  midnight to  midnight.  This harmonic 
analysis  gives  the periods of 24, 12, 8,  and 6 solar hours. 
The  determination of the  lunar semidiurnal oscillation 
was  then performed following the  method developed by 
Chapman and Miller[5] and a.lso described by  Tschu[l3]. 
For the two Puerto  Rican  stations  San  Juan  and Agua- 
dilla, the original data were obtained  from  the  NWRC 
on magnetic  tape, and all calculations for these  stations, 
including the  computations of the bi-hourly  mean  values 
and  the correction  for  linear  change, were performed at  
NCAR on  a CDC 3600 computer,  because  this  permitted 
greater flexibility in experimenting  with the  data, es- 
pecially as  far  as  the omission of days  with  greater  varia- 
bility of the pressure  was  concerned. 

At all six stations one or more  changes  in  the observing 
routine  occurred: At Aguadilla,  for  instance, the obser- 
vations were made 30 min.  past  the  hour from 1941 
through 1952, on the  hour  from 1954 on. In  all these 
cases, the  data have been divided into  time  intervals of 
uniform  observations  practice. The various  tidal de- 
terminations  have been made  separately  for  these  time 
intervals.  Then,  after  the  appropriate corrections of the 
phase  constants were made,  the  results for the two  time 
intervals were combined. 

After  the  determination of the tides for the six stations 
was  completed, some errors  in the card  deck  for the  lunar 
integers L were discovered. During  August 1942 all 
the  lunar  numbers were too  small by  3,  and  in  the period 
from 1943 to 1960, 18 days were assigned the wrong 
lunar  number,  but only  in five instances  was  the difference 
between the  correct  and  incorrect  number  greater  than 1. 

For San  Juan  and Aguadilla the  analysis  was  repeated 
with  the corrected lunar deck. Table 2 shows  for Agua- 
dilla the effect of, or rather  the absence of an appreciable 
effect, of the  errors in the  lunar deck. The  lunar  tidal 
oscillation is given  in the  customary  form. 

L,(po)=h sin(30t+b) 

where t is local mean  lunar  time, Z2 the  amplitude expressed 
in  microbars (1 ~ b . = l O - ~   m b . = l  gm. cm." sec.-2), 
Xz the  phase  constant in degrees. The  radius of the 

given separately  for  the  time  intervals I (1941-1953) and 
I1 (1954-June 1958) into which the  data  are  separated 
for  the  computation  in  order  to allow for the change in 
observing  time  mentioned  previously.  Only the  harmonic 
constants for the  three seasons, but  not those for  the 
annual  means  are given,  because any differences due  to a 
faulty  lunar deck  should show up  most  in  the  results based 
on less  material. The first line in the  table for each 
period gives the  results  obtained before elimination of the 
errors in the  lunar  deck,  the second line the  results  with 
the correct  deck. The  data,  and those  for San  Juan,  have 
been analyzed  under the  further  restriction  that those days 
were eliminated on which the pressure  during any 2-hour 
interval changed by more than 4 mb. As would be ex- 
pected  for  tropical stations,  very  few  days were eliminated 
because of this  restriction. The results  with  this  restric- 
tion are shown in the  third line for  each of the two time 
intervals.  A  comparison of the  appropriate  results shows 
that  the deck errors, as well as  the 4-mb.  restriction,  gave 
results which are  not different from those  obtained  with 
the corrected deck. It seemed,  therefore, not necessary 
to  recompute  the  lunar  tide for the  other  stations  with  the 
corrected  deck or to  introduce  the 4-mb. restriction  for 
the  other  stations.  However,  the  results  for Aguadilla 
and  San  Juan given  in table 3 are  computed  with  the 
corrected lunar deck. 

A  somewhat  surprising feature is the large  value of 
during the D season for the  time  interval I1 at Aguadilla. 
If d is the distance  between  two  points  representing two 
oscillations in a  polar  diagram, e2 the sum of the  squares 
of the probable  errors of the  two  determinations,  then 
2-d2'e2 is the probability that such a separation  between 
the oscillations is due  to  pure chance, as shown by  Bartels 
[I]. In  the present  case, this  probability  is 1: 4 so that 
one might well expect to  find such  a difference accidentally. 
Actually, because of the limited  number of data available 
for  the  determination,  the  probability is even higher than 
indicated by  the  test which assumes a very  large  number 
of data.  It will also be noted that  the probable-error 
circle during the second time  interval is larger than one 
would expect from its value  during the first time  interval 
and allowing for the difference in the  length of the  time 

probable  error circle is denoted  by r .  The results  are  intervals. 

TABLE Z.-Compar.ison of lunar  tidal  computation for Aguadilla 
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TABLE 3.-Lunar semidiurnal  pressure  oscillation 

Station Season 

"~ 

Balboa, Panama ............................. Ann. 
D 
.T 
E 

San Juan, P.R ............................... Ann. I ?  
J 
E 

D 
J 
E 

J 
D 

E 

Aguadilla, P.R ............................... Ann. 

Burbank, Calif .............................. Ann. 

Oklahoma City, Ok@ Ann. ........................ 
I, 

Greensboro. N.C ............................ 

J 
E 

._ Ann. 

J 
D 

E 

- - 
6th.) 

11 

- 
58.3 
45.7 
72. 0 
60.3 
50.7 
43.0 
61.3 
52.9 
48.4 
47.7 
54.7 
46.4 
25.8 
18.4 
36.7 
30.0 
24.3 
m. 5 
28.5 
24.3 
36. 1 
39.4 
39.8 
30.2 

(deg.1 
ha 

77.0 
52.9 
83.8 
84.7 
75.2 
52.9 
84.3 
82.2 
68.7 
49. 1 
77.0 
78.2 
64.0 

74.2 
14.0 

80.4 
70.4 
83.7 
66.4 
73.8 
78.3 
68.5 
85.7 
82.3 

6tb 

2.9 
4.1 

5.6 
5.9 

2.1 
4. 1 
3.5 
3.8 
2.7 
4.9 
4.9 
4.6 
3.3 
7. 2 
4.6 
4.8 
8.4 

14.7 
11.8 
10. 2 
5. 1 

14. 1 
4.4 
7.6 

9. THE LUNAR SEMIDIURNAL TIDE 
The  results of the  lunar  tidal  determinations  are shown 

in  table 3 which gives the  amplitude Z2, the phase angle X p ,  
and  the  radius of the  probable  error circle r.  In general, 
the  annual mean amplitude shows the well-known decrease 
with  distance  from  the  equator.  The  amplitude  is  higher 
at Greensboro,  N.C. than  at Oklahoma City  and  at 
Burbank, Calif., which  indicates  the  westward decrease 
of the  amplitude over the  United  States  found previously 
by  Chapman  and Westfold [6]. 

The seasonal variation of the  lunar  semidiurnal  tide is 
generally characterized by a smaller phase constant 
(later high  tide)  during  the D months  than  in  the  other 
two seasons. This is also shown by  the  data presented 
in  table 3, with  the exception of Oklahoma  City.  But 
here  the  radii of the  probable  error circles are so large 
that  little if any weight  can be given to  this  anomaly. 
The angle between the line from the origin to  the  point 
in  the  harmonic  dial  representing  the oscillation and  the 
tangent  to  the  error circle is sin-l(r/ZZ) so that  the phase 
constant for the D months a t  Oklahoma City  may be 
given as 84"f46", showing clearly that  the  lunar  tide is 
not well determined. 

Another  feature of the seasonal variation of the  lunar 
tide  is  the maximum amplitude  during  the J months 
which is shown at  all stations given in  table 3, although 
at  some stations  with  large  probable  errors,  the difference 
between the D and J months is statistically  not significant. 

In  considering the  data  in  table 3, it should  be  remem- 
bered that  the  determination of an oscillation cannot  be 
considered satisfactory if the  amplitude is not at least 
three  times  larger  than  the  radius of the probable  error 
circle. The  probable  error circle  is commonly used in 
considering the  reliability of the  determinations of geo- 
physical periodicities, largely  thanks to the pioneering 
efforts of Bartels. It could, of course, be replaced by 
some other  statistical  measure.  However,  the use of the 

TABLE 4.-Probability of large amplitudes in random  data 

A/r 1 m=12 I m=m 

0.5 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
1: 3.9 1.5 
1: 9.4 2 """"""""." 

1: 1.9 1 """"""""." 
1: 1.2 

2.5 ___.___._._______ 1: 23.8 
3 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  1: 61 
3.5 _______________.. 1: 146 
4 ................... 1: 324 

................. 

4.5"""""""". 
5- .................. 
6-. ................. 
7- - - - -.  -. - - - - - - - - - - - 
E-. ................. 
9- .................. 

i: 652 
1: 3290 
1: 1200 

1: 8100 
1: 12200 
1 : 19700 

10 .................. 

I 1: 1.2 
1: 2.0 
1: 4.7 

1: 74.4 
1: 15.8 

1: 493 
1: 4870 
1 : 59900 
1:l. 11.106 
1:29.4.100 

probable  error  makes the comparison with earlier results 
much easier and  permits also the  direct  application of 
various theorems derived for it to  the  interpretation of 
the  results. 

If the  amplitude A, the  radius of the  probable  error 
circle r,  and  the  number of groups of data from  which the 
probable  error circle was  computed  are  known,  the.probrt- 
bility p can  be  estimated  that  an  amplitude of this magni- 
tude  may  be  found  in  random  data  (Haurwitz 171). This 
probability p is shown in table 4 form= 12, and for m= a. 
The  number 12 was selected because the  Chapman-Miller 
method used here is in effect based on the  determination 
of the  lunar  tide Lz by  means of the solar semidiurnal 
oscillation Sz grouped into 12 lunar  phase  groups. If 
A=%-, the  probability that such  an  amplitude is found  in 
random  data is 1 : 60, but  this  probability decreases rapidly 
as A increases relative to  T .  Table 4 should help in the 
understanding of the significance of the probable-error 
circle in connection with  the  presentation of geophysical 
oscillations. 

While the  amplitudes of the  lunar  tide at San  Juan  and 
Aguadilla agree reasonably well, the  phase angles differ 
by  about 7" despite  the close proximity of the  stations. 
Similar phase angle differences will be  found  for  the solar- 
day oscillations at  both  stations  (table 5) .  Since allow- 
ance has been made for the  fact  that  the  observations were 
not all made on the  hour,  the  explanation  cannot be sought 
in  a  change of the observing routine,  and  in  fact no explana- 
tion is readily  apparent.  Correspondence  with  the 
National  Weather  Records  Center on this  point  indicated 
that some  minor  changes may  have been  made in  the  times 
when the  observations  were  taken, but  it is not possible to  
reconstruct  such  hypothetical  changes now. 

It is of some interest  to  mention here briefly some 
results of a pilot study  undertaken prior to  the  determina- 
tion of lunar tides on a large scale. In  order to  have  a 
statistical  estimate of how many  data  might be  required 
for a reliable determination of the  lunar  tide  an  analysis 
was performed using the  pressure  observations  at  Balboa 
for the  year 1953. The  lunar  tidal  pressure oscillation was 
found to be: 

44.8 pb. sin (30t+84.8'), 
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TABLE 5.--Solar-day oscillations 

Vol. 93 ,  No. 8 

Station 

Balboa ................................... 

San Juan ................................. 

Aguadilla ................................. 

Burbank- ................................ 

Oklahoma City ........................... 

Greensboro ............................... 

Season 

Ann. 

J 
D 

Ann. 
E 

D 
J 

Ann. 
E 

D 
J 
Ann. 
E 

J 
D 

E 

P. 
J 
E 
Ann. 
D 
J 
E 

651.2 
684.6 
520.0 

281.1 
749.9 

300.8 
235.3 

272.1 
325.3 

205.7 
309.4 

307.4 
720.0 
686.6 
715.2 
703.3 
818.7 
590. 8 
997.5 
868.8 
664.0 
502.8 
752.7 
744.9 

71 (deg.) 

7.5 
8.2 
9.4 
5.4 

353.4 
341.8 

351.2 
11.4 

336.4 
334.0 
348.0 
331.1 
358.2 

1.8 
350.8 
357.8 
339.7 
346.6 
335.2 
340.3 
345.3 
350.9 
339.0 
347.7 

rl bb.) Sa bb.) 
-____ 
......... 

6.8 
1286.2 

1352.4 8.0 
1153.3 8.5 
1370.8 

......... 1045.1 
7.6  1127.7 
7.8 899.4 
7.4 1112.7 

......... 1046.3 
8.1 1170.9 
5.2 878.0 
7.3 1096.3 

......... 725.5 
12.1 835.7 
8.8 604.4 
9.6 746.4 

......... 693.8 
29.9 728.7 

22.2 742.9 
19.7 625.7 

......... 734.8 
25.6 744.2 
11.6 694.5 
19.7 778.1 

with  a  radius of the probable  error circle of 12.3 pb. 
Since the error decreases inversely proportional  to  the 
square. root of the  number of observations  one  should 
expect for 17.5 yr. of data a  probable  error of 2.95 pb., 
very close to  the  value given in  table 3. It is also in- 
teresting to  note  that  a  determination of the  lunar  tide 
from  one  dayjs data could be  expected to  have  a  probable 
error of about 230 pb. 

3. THE SOLAR-DAY  OSCILLATIONS 

The harmonic  constants for the  solar-day oscillations 
with periods of l ln  mean solar days,  n=1,2,3,4,  are given 
in  table 5 for the  annual  means,  and for the  three seasons 
in the form 

Sn(po) =s, sin(l5 ntfu,) 

where S, and u, are  amplitude  and  phase  constant of the 
nth oscillation, S,, and t mean solar time  in  hours. Since 
the  data  had  to be  grouped  according to  the  lunar phase 
integer for the  computation of Lz the  solar-day oscillations 
were  determined first for these 12 groups.  Table 5 gives 
the  mean  values of the  harmonic  constants  for  these 12 
groups  and  the  radii of the  probable  error circles for  these 
means  as  computed from the grouping. In  the case of the 
solar  semidiurnal oscillation the errors  computed in this 
manner would  be  too large because they would  contain 
the effect of the  lunar  tide.  The  errors given in  table  3 
for  the  lunar  tide  are  actually  the  residual  errors  applying 
both  to  the solar and  lunar  semidiurnal oscillations. They 
are  not  repeated in table 5. No errors  are given for the 
annual  means of the solar oscillations in table 5. They 
are  comparable  to  the  errors for the seasonal values. 

The solar 24-hour oscillation S1 is known to be  irregularly 
distributed over the  earth.  In  table 5 the two stations on 
the island of Puerto Rico show,a much smaller amplitude 
than  the  other  stations.  The  pressure maximum occurs 
about 5:30 a.m. at Balboa,  but in general between 6:OO 

-___- 
153.4 _ _ _ _ _ _ _ _ _ _  
157.3 _ _ _ _ _ _ _ _ _ _  
148.2 ____._____ 
154.2 """"" 

152.4 
149.7 

146.0 .......... 
149.9 _ _ _ _ _ _ _ _ _ _  
146.5 _________. 
149.7 _ _ _ _ _ _ _ _ _ _  
142.0 .......... 
146.8 .......... 
150.0 .......... 
155.8 .......... 
142.1 ._________ 
150.2 .......... 
148.4 .......... 
156.0 """"" 
138.2 .______._. 
149.1 ____.____. 
15e, 5 ____.____. 
165.2 .......... 
150.0 .......... 
158.7 .......... 

.......... 

.......... 

- 

80.4 
47.7 

36. 5 

47.5 
47.4 

170.5 
99.6 
54.1 

190.3 
77. 5 

74.8 
81.8 

272.7 
88.9 

99.9 
69.3 

244.4 
55. 5 

130.9 
107.2 

256.0 
78.6 

78. 1 
48.7 

49.8 
29.5 

106.3 

48.9 
52.0 

10.1 
163.1 

32.2 
63.3 

2.9 
131.1 
44.4 

357.6 
16.4 

144.1 
23.1 

351.3 
3.5 

211.4 
149.4 

356.8 
4.4 

156.6 
358.9 

rs bb. )  

. . -. - -. . 
3.4 
5.4 
3.9 

2.8 

2. 7 
3.3 

2.2 
2.4 
3.2 

4.2 

3.2 
3.0 

11.6 
7. 6 
9.0 

12.3 
3.9 
4.4 

-. - - - - - -. 

......... 

-. . -. . -. . 

......... 

- - - - -.  -. 

84 bb.) 

41.4 

20.3 
48.1 

47. 6 
58.1 

36.8 
68.0 

50.6 
45.1 
60.4 
34.4 
48.4 
30.6 
88.0 

17.7 
19.0 

108.2 
56.6 

46.8 
20.8 
27.3 
83.6 
23.9 
8.5 

rr (deg.) r4 (rb.) -~ 
172.0 
182.1 

________.. 

150.9 
3.0 

170.8 
6.2 

166.5 
3.4 

191.8 
137.6 

2.9 

154.6 
2.2 
2.8 

155.6 .......... 
177.3 2.6 
133.1 2.4 

226.9 
144.6 2.1 

202.0 
297.1 

2.7 

300.0 
2.4 
1.9 

193.1 """"" 
185.3 
196. 8 

11.5 
11.3 

227.3 
184.0 

7.4 

207.7 11.4 
110.5 2.8 
85.3 4.3 

.......... 

.......... 

.......... 

and 8:OO a.m. at  the  other  stations. An analysis of the 
global distribution of this oscillation (strictly  speaking, 
its  annual  mean)  had shown that  the worldwide  maxi- 
mum,  freed of local influences, occurs at 5:OO a.m.  approxi- 
mately [8]. The  data of table  5 show  a seasonal variation 
of S I ,  but  this  variation is not  uniform. 

The  solar  semidiurnal oscillation Sz shows the well- 
known decrease with increasing latitude,  although  this 
decrease is not  quite  regular, as shown in  table  5  by 
Greensboro in the  eastern  part of the  United  States. It 
had  already been  noted by  Spar [12] that  the  amplitudes 
are  large along the  east coast of the  United  States. All 
stations  have  their  minimum  amplitude  in  summer, 
another well-known characteristic of the  semidiurnal 
oscillation. 

The  main  term of the %hour solar oscillation 8, is 
characterized  by  a  phase  shift of 180' from  one  solstice  to 
the  next (for instance,  [ll]). Since the  latitude  depend- 
ence of the  amplitude of s, is mainly  proportional  to  the 
associated  Legendre  functions p', (cp) where cp is the  lati- 
tude, it has  its maximum at  30' N. and S. Another  term, 
about j $  as  large,  and  without  such a pronounced  annual 
variation,  has  its  maximum at  the  equator. Accordingly, 
it is seen in  table  5  that  the  most  southerly  stations  have  a 
smaller phase  shift  from  summer  to  winter  than  the  sta- 
tions at higher latitudes.  The maximum  amplit'ude OC- 

curs  during  the  winter  months,  another well established 
feature of this oscillation. 

The 6-hour  solar oscillation S, has  lately been studied 
by  Kertz [9] who  combined  all the earlier data  and com- 
puted some additional ones. I ts  main  term is charac- 
terized by  the associated Legendre  function (cp) with  a 
maximum amplitude  around 25' latitude  and  with  a  pro- 
nounced seasonal variation.  The  harmonic  parameters 
in  table  5 show  such  a strong seasonal variation,  and, ex- 
cept for Balboa,  a  maximum  amplitude  during  the D 
months,  in  agreement  with  Kertz's  result for the  term  with 
p: (VI 
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The peculiar phase differsnces of the  solar-day oscilla- 
tions at  San  Juan  and Aguadilla have  already been  com- 
mented on in connection  with the  lunar  tide. 
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